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We present a new implementation of the k-spae interpolation sheme for eletroni struture pre-
sented by E. L. Shirley, Phys. Rev. B 54, 16464 (1996). The method permits the onstrution of a
ompat k-dependent Hamiltonian using a numerially optimal basis derived from a oarse-grained
set of eetive single-partile eletroni struture alulations (based on density funtional theory
in this work). We provide some generalizations of the initial approah whih redue the number
of required initial eletroni struture alulations, enabling aurate interpolation over the entire
Brillouin zone based on alulations at the zone-enter only for large systems. We also generalize the
representation of non-loal Hamiltonians, leading to a more eient implementation whih permits
the use of both norm-onserving and ultrasoft pseudopotentials in the input alulations. Numer-
ially interpolated eletroni eigenvalues with auray that is within 0.01 eV an be produed at
very little omputational ost. Furthermore, aurate eigenfuntions - expressed in the optimal basis
- provide easy aess to useful matrix elements for simulating spetrosopy and we provide details
for omputing optial transition amplitudes. The approah is also appliable to other theoretial
frameworks suh as the Dyson equation for quasipartile exitations or the Bethe-Salpeter equation
for optial responses.
I. INTRODUCTION
Providing eient aess to aurate eletroni stru-
ture is vital to aelerating researh in materials siene
and ondensed matter physis. This an be ahieved di-
retly by inreasing the availablility of omputational re-
soures, by developing faster numerial methods, or by
swithing to more ompat numerial representations.
However, if one adheres to existing methods and repre-
sentations, one might reasonably ask if more information
an be extrated eiently from suh approahes. In this
work, we outline an eient approah to extrating de-
tailed information on eletroni struture for arbitrary
eletron wave vetor k. This method applies not only
to periodi systems  where k is well-dened  but also
to models of aperiodi systems within the superell ap-
proah [1℄. For example, periodi alulations are often
used to simulate isolated moleules in large superells and
disordered ondensed phases are ommonly modeled us-
ing a superell of suient size to ontain relevant stru-
tural features. Providing eient aess to rst prini-
ples eletroni band struture and matrix elements over
the entire Brillouin zone (BZ) supports a wide range of
researh topis from Fermi surfae exploration in super-
onduting materials to detailed simulated spetrosopy
of dispersive bands or high energy exitations.
In 1996, Shirley [2℄ outlined an approah within ee-
tive single-partile eletroni struture for onstruting
an optimal basis whih spans the BZ and an be used to
∗
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build a ompat k-dependent Hamiltonian based on some
oarse-grained referene alulations. He applied this
approah in detailed explorations of the dispersion and
spetrosopy of rystalline systems: silion, germanium,
graphite, hexagonal boron nitride, lithium uoride, and
alium uoride. The eay of his approah was tested
by examination of eletron band strutures, densities of
states, dieletri properties, x-ray resonane uoresene
and inoherent emission spetra, and photoeletron spe-
trosopy, with details provided or referened in [2℄. He
also used this basis in developing eient approahes to
Bethe-Salpeter alulations for valene-band [3℄ and ore-
level spetrosopy [4℄. To our knowledge, this advanta-
geous approah has not been widely applied outside of
Shirley's researh. In this work, we outline a generalized
implementation of Shirley's interpolation sheme, whih
has been inorporated as a post-proessing tool for use
with the Quantum-ESPRESSO [5℄ open-soure eletroni
struture pakage. We hope that the outline provided
here indiates how easily Shirley interpolation might be
implemented in other eletroni struture odes. Fur-
thermore, we illustrate that the advantages of suh an
approah are lear when applied to large superell al-
ulations, where zone-enter eletroni struture alula-
tions are suient to aurately reprodue the eletroni
struture throughout the BZ. This partiular implemen-
tation has already been used in simulating x-ray absorp-
tion spetra of moleules in vauo [6, 7℄and in solution
[8℄.
Another ommonly used interpolation sheme for ele-
troni struture exploits maximally loalized Wannier
funtions[9℄. This approah builds a set of Wannier
funtions to desribe a band omplex and minimizes
2their spread in real-spae. The resulting funtions
an be quite loalized and enable the alulation of
rst-priniples tight-binding parameters for use in al-
ulations of Berry's phase polarization[10, 11℄, ele-
tron transport[12℄, eletron-phonon oupling[13, 14℄, and
muh more. The Shirley interpolation method does not
produe spatially loalized funtions. However, for inter-
polation purposes, we show that it is muh more auto-
mati to use and omputationally less expensive in terms
of required input alulations. Also, ondution band
states may be generated as easily as valene band states.
In partiular, there are no intrinsi diulties in treating
metalli systems and no spei requirements for disen-
tanglement of dispersive bands[15℄.
This paper is organized as follows: In Setion II we pro-
vide a summary of the work outlined in Ref. 2. In Setion
III and IV we fous on the advanes in our partiular im-
plementation over the original work. Setion V fouses
on some appliations whih highlight the advantages of
the approah. Setion VI dierentiates Shirley interpola-
tion from Wannier interpolation. Finally, in Setion VII
we provide some potential appliations of this approah
and then summarize our onlusions in Setion VIII.
II. BACKGROUND TO THE METHOD
A brief summary of Shirley's approah is provided here
to establish the ontext of our own work. The proess of
building a ompat k-dependent Hamiltonian in the op-
timal basis for Brillouin zone sampling is outlined in Fig-
ure 1. We assume an eetive single-partile Hamiltonian
(based on Kohn-Sham density funtional theory[16, 17℄
in this work). A self-onsistent harge density is gener-
ated by suient sampling of the Brillouin zone. Then,
if neessary, a set of states is alulated from this den-
sity for a user-speied set of band indies and k-points.
The periodi parts of these Bloh-states are extrated
and used to onstrut an overlap matrix whih is then
diagonalized to isolate linear dependene in this basis of
periodi funtions. By ordering the overlap eigenvalues
by dereasing magnitude, we may selet the optimal ba-
sis subjet to a user-dened tolerane. In our approah
we trunate the basis by speifying a tolerane ǫ for the
negleted fration of the trae of the overlap.
Sine we have removed the plane-wave envelope fun-
tions from the Bloh-states, a k-dependent Hamiltonian
is required, and we represent this Hamiltonian H(k) in
the optimal basis. Eah omponent of the Hamiltonian is
expanded as a polynomial in k. The kineti energy has an
analyti quadrati form, as indiated in Fig. 1. Spei-
ally, with aess to the Fourier oeients of the optimal
basis funtions Bi(G), if one expands the k-dependent
kineti energy operator, one obtains:
〈Bi|e
−ik·r
(
−
1
2
∇2
)
eik·r|Bj〉
Figure 1: The steps involved in building the ompat k-
dependent Hamiltonian in the optimal basis, beginning (top)
with a self-onsistent harge density, from whih states are
generated for a range of bands and k-points. An overlap
matrix is onstruted from the periodi parts of these Bloh
states and diagonalized. The optimal basis is hosen as those
eigenvetors of the overlap matrix (ordered by eigenvalue
magnitude) whih span a user-dened fration of the spae
dened by the input states. The k-dependent Hamiltonian is
onstruted in this basis from its various parts: kineti energy,
loal potential, and non-loal potential.
= −
1
2
[
k2δij + k·
∑
G
Bi(G)
∗GBj(G)
+
∑
G
Bi(G)
∗G2Bj(G)
]
≡ −
1
2
[
k2δij + k·K
(1)
ij +K
(0)
ij
]
.
The loal potential is onstant with respet to k and its
matrix elements are eiently omputed within a plane-
wave ode using Fast Fourier Transforms. The non-loal
potential requires tting on a grid in k-spae. In Shirley's
implementation [2℄, k-dependent matrix elements of the
non-loal potential operator were evaluated at points on
a uniform Cartesian grid whih ontained the entire rst
Brillouin zone and these were tted to polynomials in k
to enable interpolation between the points. Expliit ex-
pressions for eah term in the Hamiltonian were provided
in the original work.
The outome of these steps is a set of oeients whih
an be used to onstrut the matrix H(k) for any k and
then diagonalize it to produe the eigenvetors and eigen-
values in good agreement with an equivalent solution to
3the underlying Hamiltonian at the same k-point. The
advantage of Shirley's approah is that one redues the
size of the problem to be solved (i.e., the dimension of H)
suh that detailed explorations of the eigenspetrum be-
ome tratable. For instane, one ould expet to swith
from thousands of plane-waves to perhaps tens of opti-
mal basis funtions, thereby reduing a tough iterative
(most likely parallelized) diagonalization to a trivial di-
ret diagonalization whih an be solved eiently on a
single proessor. Shirley's satisfation with the eay
of this approah is lear in his original paper and also
from the large number of detailed spetrosopi simula-
tions enabled by it.
III. MORE EFFICIENT ROUTES TO THE
OPTIMAL BASIS
A. Choie of k-points for the optimal basis
The original sheme outlined partiular uniform Carte-
sian grids in k-spae at whih eigensolutions were gener-
ated using the DFT ode of hoie and provided as input
to onstrut the optimal basis by diagonalization of their
overlap matrix. Heneforth, we shall refer to these DFT
eigensolutions as input states and the k-spae grid on
whih they are alulated as the input grid. In gen-
eral, the input grid need not oinide with that used in
the original self-onsistent DFT alulation, whih gen-
erated the self-onsistent harge density, and the range
of band indies for a given appliation may also dier,
partiularly when exploring the unoupied spetrum.
Therefore, the input states are often generated diretly
as solutions to the Kohn-Sham equations for a xed self-
onsistent eld. In the original work, the input grids
ontained the entire rst Brillouin zone, with the aim of
reproduing the eigensolutions at all points in that zone.
It was not lear from the original work how the nal a-
uray would be aeted by partiular hoies of suh
oarse input grids. Furthermore, the hoie of input grid
varied with lattie symmetry due to the dierenes in
the shape of the rst Brillouin zone in Cartesian spae.
In this work, we instead present a more general and au-
tomati approah to sampling k-spae based on uniform
grids in reiproal lattie spae, spanning the unit ube
[0, 1]3. This means that for any lattie symmetry, the
input grid of k-points may be haraterized uniquely by
three integers n1×n2×n3, muh like a typial eletroni
struture alulation. Furthermore, one an be sure that
this grid spans the volume of the Brillouin zone. In the
original sheme, the use of a Cartesian input grid leads
to the inlusion of some k-points lying outside the zone
boundary for non-orthorhombi ells.
B. Building in periodiity with respet to k
As stated by Shirley, the k-dependent Hamiltonian
does not impose periodiity in k-spae, and so, one must
be areful regarding the k-points one passes to the Hamil-
tonian for diagonalization. We illustrate this point in Fig-
ure 2 by examining the band struture of b Na along
the ∆ line onneting the Γ and H points, with exten-
sion to the 2H point, whih is equivalent to Γ. We hose
Na sine its eletroni struture is well desribed at the
DFT level using a loal pseudopotential, thereby remov-
ing any ompliations assoiated with interpolating the
non-loal potential. In this alulation, we employed a
norm-onserving pseudopotential and a 30 Ry kineti en-
ergy ut-o. The interpolated band struture is learly
dependent on the hoie of input k-points used to gener-
ate the basis. Using the Γ-point alone [Fig. 2(a)℄ results
in aurate eletroni bands at that point, but large er-
rors as one follows the ∆ line. Most notably, the periodi
image of the zone-enter, 2H , is ompletely wrong, whih
emphasizes that we have no expliit periodi boundary
ondition in our k-dependent Hamiltonian. Inlusion of
the zone-boundary H point [Fig. 2(b)℄ leads to marked
improvement in auray along ∆ but leads to some in-
auray one we leave the zone-entered rst Brillouin
zone  again the 2H point is not reprodued. However,
the ability to obtain exellent agreement in band stru-
ture between the input grid points naturally prompts one
to ontinue adding points to enable reproduibility over a
larger region of k-spae. Expliitly adding the 2H point
[Fig. 2()℄ does indeed almost restore the orret sym-
metry of the band struture, albeit only in the neigh-
borhood of this [Γ, 2H ] interval  we should expet no
reproduibility outside this interval. At this point, one
an appreiate Shirley's original Brillouin zone-spanning
hoie of input grids, as they guarantee aurate repro-
duibility of band struture throughout the zone. How-
ever, for ases where ertain high-symmetry points are
not inluded in the input grid, inauraies may appear.
We have observed that the input grid does not dene a
t in the usual sense of interpolation, with reproduibil-
ity dereasing in auray as one explores points farther
away (in the Cartesian sense) from the grid points. In
fat, when we inlude the H point, we notie that the
entire ∆ line is aurately reprodued. Furthermore, if
we were to inlude Γ and its periodi image 2H alone,
we would see reasonable reproduibility aross the en-
tire ∆ line. Clearly, it seems that there is suient k-
dependene built into H(k) to aurately desribe the
full-zone, one we provide additional onstraints on the
symmetry via the input states. This is equivalent to a
phase-onstraint for the optimal basis, as we shall see
next setion. And so, in our implementation we pro-
vide input grids hosen uniformly from the unit ube, in-
luding all orners of the ube. We furthermore impose
periodiity on k-points requested for diagonalization by
mapping them rst to the unit ube (in reiproal lat-
tie oordinates), sine we have no guarantee of auray
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Figure 2: Auray in reproduing the band struture of b Na with respet to hoie of input k-point grid. Band energies
are reported in eV with respet to the Fermi level and k-points follow the ∆ line from the zone enter (Γ) to one of the zone
boundaries (H) and beyond to a periodi image of the zone-enter (2H). DFT (Shirley interpolated) band struture is indiated
by blak lines (red dots). The size of the input k-point grid is varied: (a) Γ only; (b) Γ and H ; () Γ, H and 2H ; (d) Γ together
with its seven periodi images from the orners of the unit ube [0, 1]3.
outside the three-dimensional interval [0, 1]3.
C. Aurate interpolation using just the Γ-point
If we hoose our input grid from the unit ube, it seems
lear now that we should inlude all orners of the ube
 Γ and its seven periodi images in three dimensions.
Always wanting to redue omputational eort, we im-
mediately see that the input states originating from these
periodi images dier only in phase from those at Γ. Fur-
thermore, we will see that, for large superells (small
Brillouin zones), it is suient, using a DFT alulation,
to generate input states at Γ only, generating periodi
images of these states at the orners of the unit ube
in a small number of steps. Figure 2(d) illustrates how
well this approah works for b Na. The resulting band
struture is indistinguishable (by eye) from the original.
The root-mean-square error along the indiated path is
5.5 meV. We may redue this error by inluding more
input k-points. However, we note that this error will not
tend to zero, sine it is omparable to the error assoiated
with hanging the kineti energy ut-o and is related to
a slight inonsisteny in the number of plane-waves be-
tween periodi funtions from dierent k-points (as noted
by Shirley). In our implementation, we retain all wave
vetors G, suh that 12 |k + G|
2 ≤ Ecut, padding with
zeros the oeients of those funtions with missing G.
Note that numerial dierenes related to this eet re-
due in magnitude for larger ut-os, but in essene they
are inonsequential, given that the original DFT alu-
lated eigenvalues would hange as muh upon varying
Ecut. Generally, for large superells we nd that Γ-point
sampling is adequate to reprodue all of the band stru-
ture with an auray that is within 10 meV.
To redue the ost of the input DFT alulation,
we onstrut the periodi images of the input states.
The transformation of a given periodi funtion unk to
unk+G0 is easy to obtain in plane-wave representations.
Sine periodiity implies that
unk(r)e
ik.r = unk+G0(r)e
i(k+Go).r
e−iG0.runk(r) = unk+G0(r)
then, expanding in Fourier oeients, we have
∑
G
cnk(G)e
i(G−G0).r =
∑
G
cnk+G0(G)e
iG.r,
whih implies that the Fourier oeients are
ultimately reordered aording to cnk(G+G0) =
cnk+G0(G).
For appliations to large systems, where wave funtions
are neessarily distributed over many proessors, suh
reordering may be ompliated to implement. In this
ase, a simpler, albeit less eient approah, is to exploit
the native implementation of the Fourier transform to
make suh a transformation. Suppose that we start with
the wave funtions in Fourier spae. Then we follow this
map
cnk(G) → unk(r)
↓
cnk+G0(G) ← e
−iG0.runk(r)
where we rst bak-transform to real-spae, then mul-
tiply by the funtion e−iGo.r for eah r, and then Fourier
transform again to reiproal spae.
Note that for ases where the Γ-point alone is insuf-
ient, this sheme ould also be generalized to expand
5input states to the star of a given input k-point by em-
ploying the little-group of that k-point as determined by
the lattie and atomi basis symmetry.
IV. GENERALIZATION OF THE NON-LOCAL
POTENTIAL
A. Generalized Kleinman-Bylander form
At this point we hoose an advantageous deviation
from the original implementation [2℄. The k-dependent
non-loal potential is arbitrarily omplex with respet to
k. Previously, Shirley expanded the entire operator in the
optimal basis on a oarse grid in k-spae and then inter-
polated between these values using a polynomial expan-
sion. This was probably the most omplex omponent
of the original approah with respet to implementation.
Details were provided for a quarti interpolation based
on a 5× 5× 5 grid, however, the generalization to dier-
ent grids and the relative importane of suh eort was
left to the judgement of the reader for spei examples.
Storage of the ultimate parametrization of the non-loal
potential is proportional to the grid size and the square
of the number of basis funtions. In this work, we take
a slightly dierent approah, whih we will show to be
more ompat in many ases and more powerful in terms
of deriving spetrosopi information.
We assume a generalized, separable, Kleinmann-
Bylander [18℄ form for the non-loal potential
V NL =
∑
λλ′
|βλ〉Dλλ′ 〈βλ′ | (1)
This is most reminisent of Vanderbilt's ultrasoft pseu-
dopotentials [19℄. Note that for norm-onserving pseu-
dopotentials Dλλ′ is diagonal. The omposite index
λ = (I, n, l,m) refers to the site I of a partiular ion
and its assoiated atomi quantum numbers. Expanding
the k-dependent version of this operator in the optimal
basis, we nd that the k-dependene is limited to the
projetors
V NLij (k) =
∑
λλ′
βλi(k)
∗Dλλ′βλ′j(k), (2)
where
βλi(k) = 〈βλ|e
ik·r|Bi〉.
So, we may onsider interpolating only the proje-
tor matrix elements on a grid in k-spae. The k-
dependent projetors are quite eiently evaluated by
one-dimensional Fourier transform of their radial om-
ponent and should be obtainable from the original ele-
troni struture ode. In order to make our implemen-
tation general, we employ three-dimensional B-spline in-
terpolation [20, 21℄ on a uniform n1 × n2 × n3 grid of
k-points in rystal oordinates, that is, hosen from the
unit ube, [0, 1]3. Requests for evaluations of the non-
loal projetors at k-points outside the unit ube assume
periodiity in k-spae. In general, we use a larger k-point
grid to interpolate the projetors than we use for gener-
ating the optimal basis. A good rule of thumb is to use
a grid at least twie as dense. We note that for systems
with d-eletrons we have used more dense grids. We also
avoid spurious interpolation by limiting the order of the
B-splines to be equal to the number of grid points in eah
dimension. Note that for an n1 × n2 × n3 grid, eah di-
mension is atually expanded by one to inlude the edges
of the unit ell.
Note that by interpolating the projetors, one must
onstrut the full non-loal potential for eah k by matrix
multipliation. This apparent additional ost is not that
great, onsidering that for norm-onserving pseudopoten-
tials Dλλ′ is diagonal, and even for ultrasoft pseudopo-
tentials Dλλ′ is blok-diagonal. This spei hoie for
interpolation an redue the required storage for the non-
loal potential by the ratio of the number of projetors to
the number of basis funtions, whih for many applia-
tions is a redution on the order of hundreds, given that
there may be typially 100 basis funtions per atom, but
likely less than 10 projetors.
B. Extension to ultrasoft pseudopotentials
The extension of the original approah to ultrasoft
pseudopotentials is now trivial. Ultrasoft pseudopoten-
tials relax the norm-onservation ondition, by introdu-
ing a orretion derived from atomi all-eletron and
pseudo waves:
Qλ,λ′(r) = ψλ(r)
∗ψλ′(r) − φλ(r)
∗φλ′(r)
Qλ,λ′ = 〈ψλ|ψλ′〉 − 〈φλ|φλ′ 〉
where ψ, φ refer to all-eletron and pseudo waves re-
spetively. This orretion appears in the oeients
that dene the non-loal potential:
Dλ,λ′ = D
ion
λ,λ′ +D
Hxc
λ,λ′ ,
where the rst term is a onstant for eah atomi
speies, while the seond term involves an integral
of Qλ,λ′(r) over the density dependent Hartree plus
exhange-orrelation potential [19℄.
Furthermore, we must remember that the use of ultra-
soft pseudopotentials introdues a generalized orthonor-
mality ondition on the eigensolutions
〈nk|S|mk〉 = δnm,
6whih implies that their periodi omponents are solu-
tions to the following generalized eigen-problem:
[H(k)− ǫnkS(k)]|unk〉 = 0.
The k-dependent overlap matrix in the optimal basis
is dened to be
Sij(k) =
∑
λ,λ′
βλi(k)
∗Qλ,λ′β(k),
and the projetors matrix elements βλi(k) are idential
with those used in the non-loal potential. Note that this
introdues a large storage and omputational saving: we
need only interpolate the projetor matrix elements one,
and then we an onstrut both the non-loal potential
and overlap matrix by multipliation.
In summary, the generalization to ultrasoft pseudopo-
tentials has the following additional requirements for on-
strution of the k-dependent Hamiltonian: (1) aess to
the self-onsistent oeientsDHxcλ,λ′ at the end of the SCF
alulation and (2) aess to the Qλ,λ′ oeients avail-
able in the pseudopotential denitions. Subsequently, at
any k-point, one must nd the solution of a generalized
eigen-problem with both H(k) and S(k) onstruted by
interpolation.
C. Advantages for spetrosopy
One of the most ommon matrix elements used for op-
tial spetrosopy is that of the veloity operator. How-
ever, for non-loal Hamiltonians, its evaluation is non-
trivial, involving a ommutator of the position operator
and the non-loal potential [22, 23, 24, 25, 26℄. Several
approahes have been introdued to inlude or overome
this ompliation. For instane, rather than evaluating
matrix elements of veloity in the transverse gauge, one
an equivalently evaluate plane-wave matrix elements in
the longitudinal gauge, exploiting the Heisenberg equa-
tion of motion:
〈nk|qˆ · v|mk〉 = lim
q→0
[ǫmk+q − ǫnk]
q
〈nk|e−iq·r|mk+ q〉,
where qˆ is the polarization of the inident eletri eld.
Substitution of the ommutator [e−iq·r, H ] in this expres-
sion leads to the following identity:
〈nk|qˆ · v|mk〉 = lim
q→0
〈unk|
H(k+ q)−H(k)
q
|umk+q〉
= 〈unk|qˆ ·
dH(k)
dk
|umk〉.
One advantage of our urrent implementation is the
ability to evaluate derivatives of H(k) with respet to
Figure 3: The atomi struture of γ-brass (Cu5Zn8)
k. The kineti energy operator is readily dierentiable,
while the B-spline routines we adopted also inlude e-
ient evaluation of derivatives [21℄. Therefore, very little
extra work is required to aess optial transition ampli-
tudes. Beyond rst derivatives, one an see that aurate
eetive masses are easily attainable through the seond
derivatives and would be extremely eient for large pe-
riodi nanostrutures, obviating the need for numerial
dierentiation based on multiple ostly k-point alula-
tions.
V. APPLICATIONS
Previous work has shown the eay of Shirley inter-
polation in reproduing the band struture of rystalline
solids. Instead, we hoose to fous on superells, where
the eieny of Shirley's approah is learly ompetitive
with the usual plane-wave alulations, while retaining
the auray of self-onsistent results.
A. Large systems using only the Γ-point
We hoose γ-brass (Cu5Zn8) as an example of a rys-
talline solid with a large unit ell ontaining 26 atoms
(Fig. 3). We generate the self-onsistent eld using a
shifted 4× 4× 4 k-point grid within DFT using ultrasoft
pseudopotentials for Cu and Zn, a plane-wave ut-o of
25 Ry and a harge density ut-o of 200 Ry. The basis
is built using 200 input states alulated at the Γ-point,
whih are then expanded to inlude the seven images of
the Γ-point at the orners of the reiproal spae unit
ube. The optimal basis is obtained by diagonalizing the
7c NPW TPW MS TS
s s
10 21993 191.56 244 0.063
15 32971 220.48 255 0.056
20 43975 234.88 279 0.056
Table I: Timing information per k-point alulation for
graphene superells of varying planar separation c, when us-
ing a plane-wave DFT ode TPW with a basis of NPW plane-
waves, and when using Shirley interpolation TS , with MS
basis funtions.
overlap matrix and trunating to 1095 funtions from
a possible 1600, orresponding to ∼ 42 basis funtions
per atom. The non-loal potential is interpolated on a
3× 3× 3 grid. The non-dispersive d-bands of Cu and Zn
require this level sampling in order to aurately repro-
due the non-loal potential. The resulting band stru-
ture is shown in Figure 4. Comparison with DFT alula-
tions throughout the Brillouin zone indiates remarkable
auray (root-mean-square deviation of 2 meV) for the
interpolated band struture, with all bands of all hara-
ter (s, p, d) reprodued to the same degree. We an e-
iently rene a non-self-onsistent estimate of the Fermi-
level using Shirley interpolation, and we nd it to be
shifted from that of our initial self-onsistent-eld plane-
wave alulation by 0.3 eV. This is a good illustration
of the importane of detailed k-point sampling in met-
als. Shirley interpolation provides an eient route to
obtaining a more aurate estimate of the Fermi level
for a given self-onsistent eld and indiates the possibil-
ity of using this interpolation sheme to eiently rene
self-onsistent-eld alulations for metalli systems.
B. Eieny in vauo
When using plane-waves in superell simulations of re-
dued dimensional systems, the inlusion of large va-
uum regions omes at a signiant omputational ost.
The use of Shirley interpolation an redue this ost dra-
matially. We use graphene as an example, where we
simulate this two-dimensional sheet of arbon atoms in
a three-dimensional superell with a large separation be-
tween periodi images dened by the c-axis. We notie
that inreasing c results in a large inrease in the number
of plane-waves in this dimension, but has only a small
impat on the number of optimal basis funtions used
to onstrut the Shirley Hamiltonian. Table I learly
illustrates the eieny of the Shirley approah for k-
point sampling. In this small example we see speed-ups
of greater than 3000. Furthermore, the inrease in om-
putational eort that we expet when adding to the va-
uum spaing is pratially absent from the interpolated
ase where the number of basis funtions inrease only
slightly, rather than the linear inrease for plane-waves.
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Figure 4: The eletron band struture of γ-brass (Cu5Zn8)
generated using plane-wave DFT alulations (red dots) and
using Shirley interpolation based solely on DFT wave fun-
tions generated at the Γ-point (blak lines). The root-mean-
square deviation of the Shirley interpolated values is 2 meV.
The blak (red) horizontal line indiates the Fermi level re-
sulting from a 4× 4× 4 k-point plane-wave DFT alulation
(10× 10× 10 k-point Shirley interpolation).
VI. COMPARISON WITH WANNIER
INTERPOLATION
In the last deade, the use of maximally loalized Wan-
nier funtions (MLWFs) has emerged as an extremely
eient and physially appealing route to interpolat-
ing eletroni band struture and deriving useful tight-
binding parameters from rst-priniples Hamiltonians
[9, 13, 27℄. The approah generates Wannier funtions
within a gauge whih minimizes their spatial extent. In
this sense, one onstruts a set of basis funtions loalized
in real-spae, with one MLWF per band. The proedure
is similar to that outlined in Figure 1, with the dier-
enes lying in an additional minimization of the spread
of the orthogonalized basis funtions and no requirement
to onstrut a k-dependent Hamiltonian expliitly  this
is obtained rather by Fourier interpolation. For systems
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Figure 5: Details of the band struture of γ-brass in three
energy regions: (a) the Zn d-bands; (b) the Cu d-bands; and
() high in the ondution bands. DFT plane-wave alula-
tions are indiated by red dots. Shirley interpolated bands are
shown as blak lines. Together with Fig. 4 this indiates the
ability of Shirley interpolation to aurately reprodue the
bands of metalli states of varying harater with minimal
eort (Γ-point alulations only).
with bands whih do not possess an intrinsially loal
harater (sp-bands in metals, for example) the Wannier-
ization proedure has some intrinsi diulties related to
(i) providing a relatively large number of k-points to en-
able signiant loalization of the funtions and (ii) dis-
entangling suh dispersive bands from manifolds of dif-
ferent harater whih they may easily ross due to their
large dispersion. The latter problem was solved by Souza,
Marzari, and Vanderbilt [15℄, while the former remains
an intrinsi limitation imposed by the physial properties
of the system under study. It is partiularly problemati
in spetrosopi studies where large numbers of unou-
pied bands (whih are in general dispersive) are needed.
In ontrast with Wannier funtions, the optimal ba-
sis funtions used in Shirley interpolation have no on-
straint on their loalization. They are simply the result
of a diagonalization of the overlap matrix for the entire
set of input periodi funtions. In this sense, generat-
ing the optimal basis funtions is quite automati and
does not suer from issues ommon to most multidimen-
sional minimization methods, suh as trapping in loal
minima or sensitivity to initial onditions. The resulting
funtions an in fat be quite deloalized and, in gen-
eral, we have not paid muh attention to their spatial
dependene, given that we do not try to exploit it in any-
way. For instane, one ould not hope to extrat tight-
binding parameters from a set of basis funtions whih
are innitely extended. Figure 6 shows a small number of
the optimal basis funtions derived for f Cu. They are
learly deloalized, and what look like simple funtions
for the larger eigenvalues of the overlap matrix beome
inreasingly omplex for smaller eigenvalues due to the
requirements of orthonormality.
Shirley interpolation is partiularly suited to explo-
ration of metalli band struture, due to the robust au-
tomati nature of generating the basis and the obviation
of disentangling proedures. Furthermore, one an gen-
erate the band struture with very few initial k-points.
In fat, we have already seen that for large superells the
Γ-point is suient to generate bands whih aurately
reprodue DFT alulations. Wannier interpolation re-
quires more k-points to generate aurate band struture
for bands whih do not have an intrinsially loalized
harater. For small (monatomi) primitive ells, this
may not be problemati, but for larger superells, where
k-point sampling may still be neessary, then there are
lear advantages to using Shirley interpolation.
Finally, it is worth mentioning that a ombination of
Shirley interpolation with the Wannierization proedure
may be partiularly eetive for systems with intrinsi
eletron deloalization. Provided that one an generate
a onverged self-onsistent harge density, one might use
Shirley interpolation to eiently generate solutions to
the Kohn-Sham equations at as many k-points as desired
and from these onstrut the neessary overlap matrix
elements to begin the Wannierization proedure. This
may prove partiularly advantageous for the interpola-
tion of metalli or high-energy unoupied bands in large
systems, suh as metalli alloys, onduting polymers,
et.
VII. FUTURE APPLICATIONS
The partiular advantages of reduing the dimensions
of a k-dependent Hamiltonian via an optimal basis are
lear for explorations of band struture and spetrosopy.
In this setion, we outline further possibilities for im-
proved algorithms or improved saling in both DFT and
beyond-DFT approahes.
Some self-onsistent eld alulations rely quite heav-
ily on numerially onverged Brillouin zone integrations.
For example, an aurate determination of the Fermi-
level is vital to an aurate estimation of the harge den-
sity in metalli systems, and harge transfer at metalli
surfaes. For large system sizes, these alulations an
9Figure 6: A subset of the optimal basis funtions of f Cu, determined using 8 input k-points (Γ plus seven images) and
displayed in real-spae in a 2× 2× 2 superell. Copper atom positions are indiated by opper-olored spheres. Ouside (inside)
of basis funtion isosurfaes indiated in purple (green). Numbers in parentheses indiate the ordering in terms of overlap
matrix eigenvalue magnitude orresponding to the following overage of the entire spae: (1) 7.6%; (2) 7.3%; (3) 6.4%; (4)
6.0%; (5) 5.7%; (6) 5.4%; (18) 1.8%; (36) 0.78%.
prove prohibitively expensive, sine the overall ost of
the alulation sales like NkN
3
, where Nk is the num-
ber of k-points and N is the number of basis funtions.
Even though one an assume that larger simulation ells
redue the number of required k-points for numerial on-
vergene, this may not be a suient to redue the overall
ost signiantly. For example, doubling the system size
would lead to saling of (Nk/2)(2N)
3 = 22(NkN
3), whih
is disheartening ifNk/2 > 1. Sine we have seen now that
for large systems one an quite easily generate aurate
band energies and states throughout the Brillouin zone,
one ould in priniple iteratively alulate just the zone-
enter eletroni struture, while using interpolation to
onverge the Fermi-level and self-onsistent harge den-
sity upon whih the Kohn-Sham Hamiltonian is based.
This would redue the overall saling, removing the lin-
ear dependene on Nk at the expense of an inrease in the
overall prefator assoiated with generating the optimal
basis and k-dependent Hamiltonian.
For alulating exited state properties from rst prin-
iples, the ombination of the GW approximation[28℄ and
Bethe-Salpeter Equation (BSE)[29, 30℄ has emerged as
an aurate and eient approah when applied to rys-
talline solids, moleules, nanostrutures, and surfaes.
This approah is omputationally demanding (saling at
least as N4) and relies heavily on aess to detailed Bril-
louin zone sampling of the alulated eletroni struture.
For periodi systems, a very ne sampling of k-spae is
required to obtain onverged BSE solutions, and inter-
polation proedures have already been applied to enable
more eient alulations. In fat, Shirley has already
used this approah to deal with optial and x-ray exi-
tations in solids [3, 4℄. The main bottle-nek in suh
alulations omes from the need to aess the dieletri
matrix at many k-points. We hope to apply the Shirley
interpolation sheme to improve the saling of suh al-
ulations by representing the dieletri matrix within the
Shirley basis. This will be the subjet of future work.
VIII. CONCLUSIONS
We have presented a new implementation of the Shirley
interpolation method. The advanes in our approah in-
lude: (1) a redution in the number of input eletroni
struture alulations required to onstrut the optimal
basis; (2) the ability to interpolate over the entire Bril-
louin zone using just the zone-enter as input for systems
with large unit ells; and (3) a generalization of the non-
loal potential whih redues storage requirements, per-
mits the use of both norm-onserving and ultrasoft pseu-
dopotentials. We provide appliations of this method
to sodium, γ-brass, graphene, and opper whih illus-
trate its generality and robustness, partiularly in treat-
ing metals. In this regard, it is ompetitive with exist-
ing interpolation shemes based on maximally-loalized
Wannier funtions.
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